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E-mail address: smlin@mail.ksu.edu.tw (S.-M. Lin)In a conventional dynamic atomic force microscopy (AFM), observing the ﬂexural characteristics of a
cantilever subjected to the tip–sample interaction is for extracting the topography and the material
properties of a sample’s surface. Recently, Sahin et al. (2007) found that it is essential for understanding
surface properties to design a cantilever with an eccentric tip and observe its coupled ﬂexural–torsional
characteristics. For effectively analyzing the ﬂexural and torsional signals simultaneously, one has to ﬁnd
out the mode of a cantilever that the ratio of the tip gradient of ﬂexural deformation and the tip torsional
angle is comparable. Moreover, the development of an analytical model that can accurately simulate the
surface-coupled dynamics of the cantilever is important for quantitative and qualitative understanding of
measured results. In this paper, an analytical model of a cantilever with an eccentric tip and subjected to
a nonlinear tip–sample force is established. The analytical solution is derived. It is found that the ﬁrst two
modes are the ﬂexural motion and the third mode is the coupled ﬂexural–torsional motion. Finally, the
inﬂuences of several parameters on the tip angle ratio and frequency shift are investigated.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Atomic force microscopy (AFM) is the most frequently used
scanning probe method for the characterization and modiﬁcation
of a variety of materials such as DNA, antibodies, polymers, and sil-
icon surfaces (Garcia and Perez, 2002; Giessibl, 2003). Convention-
ally, the ﬁrst ﬂexural mode is used to measure the dynamic
response of a nano-scale topography and material properties of a
sample’s surface (Lin et al., 2007). Further, several contributions
have emphasized the role of the higher ﬂexural modes of a cantile-
ver with a centric tip to obtain some material contrast. Recently, a
few of literatures investigated surface properties by observing the
coupled ﬂexural–torsional modes of a cantilever with an eccentric
tip (Sahin et al., 2007; Song and Bhushan, 2006).
As for the researches on the higher ﬂexural modes, Rodriguez
and Garcia (2002) investigated the tip motion in AM-AFM with
structural damping. It was found that higher harmonics contribu-
tion might play a dominant role in the environments of low quality
factor. Stark et al. (1999) determined the ﬁrst ﬁve eigenmodes of a
v-shaped silicon cantilever by using the ﬁnite element method.
They found that phase imaging in the third mode was extremely
sensitive to surface inhomogeneities and surface contamination
particles not visible in standard AM-AFM. Glatzel et al. (2003)
and Sommerhalter et al. (2000) proposed that the ﬁrst resonancell rights reserved.
.is assigned for the topography and the second resonance for the
potential measurement in FM-AFM. Stark and Heckl (2000) consid-
ered the displacement to be composed of several eigenfunctions of
beam without the damping and the non-linear interaction force.
Lin (2005, 2006, 2007) and Lin et al. (2007) presented the theoret-
ical descriptions based on a continuous model describing the high-
er ﬂexural modes of the cantilever subjected to a non-linear
interaction force. However, there are two major difﬁculties in this
approach. First, the signal-to-noise ratios of the higher harmonic
vibrations are not sufﬁcient for practical measurements. Second,
the overall frequency response of the cantilever, required for trans-
lating harmonic vibration signals into harmonic forces acting on
the tip, depends on the shape of the cantilever mode and the posi-
tion of the laser spot. It is very difﬁcult to determine all of these
parameters accurately (Sahin et al., 2007). Recently, the theoretical
simulations of a new approach based on dual-frequency AFM are
investigated. Lozano and Garcia (2008, 2009) investigated the per-
formance of a cantilever subjected to the van der Waals attractive
force. However, Chawla and Solares (2009) and Proksch (2006)
investigated that subjected to the coupled attractive and repulsive
forces. The ability of the microscope to extract complementary
information on the surface properties is increased by the simulta-
neous active excitation of several ﬂexural cantilever modes.
Acquirement of the tip–sample force curves and topography simul-
taneously becomes more easily.
As for the researches on the coupled ﬂexural–torsional modes,
Sahin et al. (2007) investigated a cantilever with eccentric tip
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AFM, ﬂexural vibration signals are used for amplitude feedback
to follow topography. Simultaneously, torsional vibration signals
were used for the calculation of the time-resolved tip–sample
interaction forces. It was found that the torsional harmonic images
allowed qualitative mapping of mechanical property variations.
This approach is based on the use of a laterally asymmetric canti-
lever tip that combines active excited ﬂexural and passive torsional
vibrations. This theory is obviously different from that of the mul-
tifrequency AFM (Lozano and Garcia, 2008, 2009; Chawla and
Solares, 2009). Song and Bhushan (2006) presented a ﬁnite ele-
ment model simulating the free and surface-coupled dynamics of
tip–cantilever system in dynamic modes of AFM. It was found that
tip eccentricity had has signiﬁcant effects on both of the amplitude
and phase of cantilever responses. Deﬁnitely, analytical model sim-
ulating the surface-coupled dynamics of a cantilever is essential for
understanding of measured results. So far, no analytical solution
for the frequency shifts of a cantilever with an eccentric tip and
subjected to a nonlinear tip–sample force is given.
In this paper, an analytical model is developed for simulation of
free and surface-coupled dynamics of tip–cantilever system in
dynamic modes of AFM. The analytical solution of this system is
derived. Moreover, the inﬂuences of several parameters on
dynamic behavior are investigated.2. Free vibration
2.1. Governing equations and boundary conditions of ﬂexural motion
In this study, the dynamic response of a cantilever with an
eccentric tip, subjected to the interatomic tip–sample force is
investigated, as shown in Fig. 1. For understanding the coupled ef-
fect of the eccentric tip and the tip–sample force, the free vibration
of this system without the effect of tip–sample force must be stud-
ied here. The elementary beam theory, commonly known as the
Euler–Bernoulli beam theory, is considered here. The theory stipu-
lates that the rotatory inertia and shear deformation effects are
negligible. This theory is valid if the slender ratio of the length of
the beam to its depth is relatively large, about more than 10, and
if the ratio of the deformation to the length of the beam is rela-
tively small, about less than 0.1. In short, large slender ratio and
small deformation are the assumptions of the Euler–Bernoulli the-
ory. Generally, the length and thickness of beam are about 100 and
2 lm, respectively. The deformation is about less than 100 nm.Fig. 1. Geometry and coordinate systemTherefore, the assumptions of the Euler–Bernoulli theory are suit-
able for the AFM probe. Vibration of the beam is in the direction
perpendicular to its length. It is called as a transverse or ﬂexural
vibration. In the Euler–Bernoulli beam theory, the governing equa-
tion of motion is (Lin, 2006, 2007; Lin et al., 2007)@2
@x2
EI
@2W
@x2
" #
þ qA @
2W
@t2
¼ 0; x 2 ð0; LÞ: ð1ÞThe beam is clamped at x ¼ 0. The deﬂection and the slope of the
deﬂection curve must be zero at x ¼ 0:Wð0; tÞ ¼ 0; ð2Þ
@Wð0; tÞ
@x
¼ 0: ð3ÞThe beam is attached to a tip at the free end. The bending moment
is zero at x ¼ L:@2WðL; tÞ
@x2
¼ 0: ð4ÞConsidering the torsional deformation due to the effect of eccentric
tip mass, the transverse forces are composed of the shear force,
inertia force of tip, and the tip-surface interacting force in dynamic
equilibrium:@
@x
EI
@2W
@x2
" #
x¼L
mt @
2W
@t2
þ e @
2h
@t2
" #
¼ 0; ð5Þwhere mt is the tip mass, W the ﬂexural displacement, E the Young
modulus, e the eccentric tip, x the coordinate along the beam, L the
length of the beam, q the mass density per unit volume. A and I de-
note the cross-sectional area and the area moment of inertia,
respectively.
Without loss of generality, the material and geometry proper-
ties are assumed to be constant. In terms of the following dimen-
sionless parameters,of a cantilever with an eccentric tip.
Table 1
Inﬂuence of the eccentric distance e on the natural frequencies (the width of cross-
section of beam b ¼ 45 lm, the thickness of cross-section of beam h ¼ 3:5 lm, the
length of beam L ¼ 200 lm, the tip length H ¼ 6 lm, the tip mass mtip ¼ 3:18 
1013 kg, the Young modulus E ¼ 70:3 109 Pa, the density q ¼ 2:5 103 kg=m3). :
Lin et al. (2007).
e ðlmÞ f1 ðkHzÞ f2 ðkHzÞ f3 ðkHzÞ
Flexural Flexural Flexural–torsional
Present  Present Present
0 74.356 74.356 466.030 1305.024
2 74.356 – 466.030 1305.023
4 74.356 – 466.030 1305.022
6 74.356 – 466.030 1305.020
8 74.356 – 466.030 1305.017
10 74.356 – 466.030 1305.013
12 74.356 – 466.030 1305.008
14 74.356 – 466.030 1305.003
16 74.356 – 466.030 1304.996
18 74.356 – 466.029 1304.989
20 74.356 – 466.029 1304.981
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L
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s
;
l ¼ mtip
qð0ÞAð0ÞL ;
ð6Þ
the dimensionless governing differential equation of the system is
@4w
@n4
þ @
2w
@s2
¼ 0: ð7Þ
The boundary conditions are
at n ¼ 0:
w ¼ 0; ð8Þ
@w
@n
¼ 0; ð9Þ
at n ¼ 1:
@2w
@n2
¼ 0; ð10Þ
@3w
@n3
 l @
2w
@s2
þ eL @
2h
@s2
 !
¼ 0; ð11Þ
where L0 is the characteristic length. A small value of L0 is intro-
duced to avoid the numerical transaction error.
2.2. Governing equations and boundary conditions of torsional motion
The torsional governing equation of a cantilever is expressed as
(Meirovitch, 1967)
@
@x
GJ
@h
@x
 
 Itor @
2h
@t2
¼ 0: ð12Þ
The corresponding boundary conditions are follows:
For a clamped end at x ¼ 0, one obtains the boundary condition
hð0; tÞ ¼ 0: ð13Þ
The boundary condition at x ¼ L is expressed as
GJ
@hðL; tÞ
@x
þ Itip @
2hðL; tÞ
@t2
þ emtip @
2wðL; tÞ
@t2
¼ 0; ð14Þ
where G is the shear modulus, Itip the mass moment of inertia, Itor
the mass moment of inertia per unit length, J the polar area moment
of inertia, h the twist angle.
Without loss of generality, the shear rigidity GJ and the mass
moment of inertia Itor are assumed to be constant. In terms of the
following dimensionless parameters,
itor ¼ Itor
qð0ÞAð0ÞL2 ; itip ¼
Itip
qð0ÞAð0ÞL3 ; rbs ¼
Eð0ÞIð0Þ
Gð0ÞJð0Þ ;
rbs ¼ Eð0ÞIð0ÞGð0ÞJð0Þ ; sð1Þ ¼
GðLÞJðLÞ
Gð0ÞJð0Þ ; r ¼
L0
L
;
ð15Þ
the dimensionless governing differential equation of the system is
@2h
@n2
 rbsitor @
2h
@s2
¼ 0: ð16Þ
The corresponding boundary conditions are
at n ¼ 0:hð0; sÞ ¼ 0; ð17Þ
at n ¼ 1:
sð1Þ @hð1; sÞ
@n
þ rbsitip @
2hð1; sÞ
@s2
þ rbsler @
2wð1; sÞ
@s2
¼ 0: ð18Þ2.3. Frequency equation
The harmonic solutions of the coupled ﬂexural–torsional mo-
tion are
w ¼ wðnÞeixs and h ¼ hðnÞeixs: ð19Þ
Substituting the solutions (19) into Eqs. (7)–(11) and (16)–(18), the
reduced ﬂexural governing equation and boundary conditions are
d4 w
dn4
x2 w ¼ 0; n 2 ð0;1Þ; ð20Þ
at n ¼ 0:
w ¼ 0; ð21Þ
d w
dn
¼ 0; ð22Þ
at n ¼ 1:
d2 w
dn2
¼ 0; ð23Þ
d3 w
dn3
þ lx2ð wþ ehÞ ¼ 0: ð24Þ
And the reduced torsional governing equation and boundary condi-
tions are
d2h
dn2
þ rbsitorx2h ¼ 0; n 2 ð0;1Þ; ð25Þ
at n ¼ 0:
h ¼ 0; ð26Þ
at n ¼ 1:
dh
dn
 rbsitipx2h rbslerx2 w ¼ 0: ð27Þ
The general solution of the ﬂexural governing equation (20) is
wðnÞ ¼ c1m1ðnÞ þ c2m2ðnÞ þ c3m3ðnÞ þ c4m4ðnÞ; ð28Þ
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tions mi can be easily derived
m1ðnÞ ¼ 12 cosh
ﬃﬃﬃﬃﬃﬃﬃ
xn
p
þ cos
ﬃﬃﬃﬃﬃﬃﬃ
xn
p 
;
m2ðnÞ ¼ 12 ﬃﬃﬃﬃxp sinh
ﬃﬃﬃﬃﬃﬃﬃ
xn
p
þ sin
ﬃﬃﬃﬃﬃﬃﬃ
xn
p 
;
m3ðnÞ ¼ 12x cosh
ﬃﬃﬃﬃﬃﬃﬃ
xn
p
 cos
ﬃﬃﬃﬃﬃﬃﬃ
xn
p 
;
m4ðnÞ ¼ 12x3=2 sinh
ﬃﬃﬃﬃﬃﬃﬃ
xn
p
 sin
ﬃﬃﬃﬃﬃﬃﬃ
xn
p 
;
ð29ÞFig. 2. The ﬁrst three mode shapes, / n and dw=dn n, of cantilever with a rectangula
b ¼ 20 lm, the thickness of cross-section of beam h ¼ 2:5 lm, the length of beam L ¼ 25
E ¼ 70:3 109 Pa, the density q ¼ 2:5 103 kg=m3; mtip ¼ 10:18 1013 kg, the ﬁrst fouwhich satisﬁes the following normalized condition:
m1 m2 m3 m4
m01 m02 m03 m04
m001 m002 m003 m004
m0001 m0002 m0003 m0004
2
6664
3
7775
n¼0
¼
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
2
6664
3
7775: ð30Þ
Substituting the general solution (28) into the boundary conditions
(21)–(24), one obtains
c1 ¼ c2 ¼ 0; c4 ¼ c3m003ð1Þ=m004ð1Þ ð31Þr cross-section [the tip amplitude WðLÞ ¼ 4 nm, the width of cross-section of beam
0 lm, the eccentric distance e ¼ 30 lm, Poisson’s ratio m ¼ 0:3, the Young modulus
r natural frequency {32.222,203.055,549.627,590.186} (kHz)].
Fig. 2 (continued)
Table 2
Inﬂuence of the eccentric distance e on the frequency shifts (the width of cross-
section of beam b ¼ 45 lm, the thickness of cross-section of beam h ¼ 3:5 lm, the
length of beam L ¼ 200 lm, the tip length H ¼ 6 lm, the tip mass mtip ¼ 3:18 
1013 kg, the Young modulus E ¼ 70:3 109 Pa, the density q ¼ 2:5 103 kg=m3, the
tip radius R ¼ 1:5 107 m; the Hamaker constant AH ¼ 1019 J, the tip amplitude
A ¼ 5 nm, tip–sample distance D0 ¼ 7 nm; Dfi ¼ fres;i  fnat;i ðe ¼ 0; Fv ¼ 0Þ). : Lin
et al. (2007).
e ðlmÞ Df1 ðHzÞ Df2 ðHzÞ Df3 ðHzÞ
Present  Present Present
0 363.435 363.435 56.261 19.608
2 363.436 – 56.260 19.604
4 363.436 – 56.256 21.543
6 363.436 – 56.262 22.523
8 363.437 – 56.264 27.372
10 363.437 – 56.264 29.310
12 363.437 – 56.261 37.075
14 363.438 – 56.255 39.990
16 363.439 – 56.259 50.657
18 363.439 – 56.260 54.542
20 363.441 – 56.258 58.418
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a1d2 þ a2c3 ¼ 0; ð32aÞ
where
a1 ¼ lx2eL/2ð1Þ;
a2 ¼ m0003 ð1Þ 
m003ð1Þ
m004ð1Þ
m0004 ð1Þ
 
þ lx2 m3ð1Þ  m
00
3ð1Þ
m004ð1Þ
m4ð1Þ
  
:
ð32bÞ
On the other way, the solution of torsional motion (25) is
hðnÞ ¼ d1/1ðnÞ þ d2/2ðnÞ; ð33Þ
where the two linearly independent fundamental solutions /i can
be derived easily
/1 ¼ cos x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rbsitor
p 
n and
/2 ¼ sin x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rbsitor
p 
n
h i	
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rbsitor
p 
; ð34Þ
which satisﬁes the following normalized condition
/1 /2
/01 /
0
2
 
n¼0
¼ 1 0
0 1
 
: ð35Þ
Substituting the general solution (33) into the boundary conditions
(26) and (27), one obtains
d1 ¼ 0 and b1d2 þ b2c3 ¼ 0; ð36aÞ
where
b1 ¼ /02ð1Þ  rbsitipx2/2ð1Þ;
b2 ¼ rbslerx2 m3ð1Þ 
m003ð1Þ
m004ð1Þ
m4ð1Þ
 
:
ð36bÞ
Finally, the frequency equation via Eqs. (32) and (36) is obtained
b1a2  b2a1 ¼ 0: ð37Þ
The roots of the frequency equation are the natural frequencies.
Further, given the tip ﬂexural amplitude W1, the corresponding
mode shapes of ﬂexural and torsion are derived as follows:wðnÞ ¼ c3 m3ðnÞ  m
00
3ð1Þ
m004ð1Þ
m4ðnÞ
 
: ð38Þ
And
hðnÞ ¼ c3a2
a1
sin x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rbsitor
p
n
 h i	
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rbsitor
p
n
 
; ð39Þ
where c3 ¼ wð1Þ= m3ð1Þ  m003ð1Þm4ð1Þ=m004ð1Þ

 
.3. Analytical model of AFM measurement
The analytical model of an AFM cantilever with an eccentric tip
and subjected to a tip–sample force is established here.
3.1. Governing equation and boundary conditions
Considering the interacting force between the sample and the
tip, the dimensionless governing differential equation and bound-
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(10), but the boundary condition (11) is modiﬁed as
at n ¼ 1:
@3w
@n3
 l @
2w
@s2
þ e L
Lc
@2h
@s2
 !
¼ fm; ð40Þ
where the dimensionless van der Waals force fm ¼ cmf m, in which
f v ¼ 1=ð6D2Þ and cm ¼ AHRL3= Eð0ÞIð0ÞL3c
h i
.
Similarly, the dimensionless governing differential equation
and boundary condition of the torsional motion are the sameFig. 3. Inﬂuence of the length of beam L on the bending slop jW 0ðLÞj and the ratio of torsi
e ¼ 30 lm; m ¼ 0:3; E ¼ 70:3 109 Pa; q ¼ 2:5 103 kg=m3; mtip ¼ 10:18 1013 kg.as Eqs. (16) and (17), but the boundary condition (18) is modi-
ﬁed as
at n ¼ 1:
sð1Þ @hð1; sÞ
@n
þ rbsitip @
2hð1; sÞ
@s2
þ rbsler @
2wð1; sÞ
@s2
¼ ðH sin hþ e cos hÞfv : ð41Þ3.2. Solution method
Assume that the harmonic solution isonal angle to the bending slop, jhðLÞ=W 0ðLÞj ½WðLÞ ¼ 10 nm; b ¼ 25 lm; h ¼ 2:5 lm;
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Substituting the solutions (42) into the governing equation (7) and
the boundary conditions (8)–(10) and (40), one obtains
d4 w
dn4
x2 w ¼ 0; n 2 ð0;1Þ; ð43Þ
at n ¼ 0:
w ¼ 0; ð44Þ
dw
dn
¼ 0; ð45ÞFig. 4. The inﬂuence of the eccentric distance e on the bending slop jW 0ðLÞj and the ra
h ¼ 2:5 lm; L ¼ 250 lm; m ¼ 0:3; E ¼ 70:3 109 Pa; q ¼ 2:5 103 kg=m3; mtip ¼ 10:18at n ¼ 1:
d2 w
dn2
¼ 0; ð46Þ
d3 w
dn3
cosxsþ lx2ð wþ ehÞ cosxs ¼ fm: ð47Þ
Multiplying Eq. (47)by ‘cosxs’ and integrating it from 0 to the per-
iod T, 2p=x, Eq. (47) becomes
d3 w
dn3
þ lx2ð wþ ehÞ ¼ 1
p
Z 2p
0
fv cosvdv: ð48Þtio of torsional angle to the bending slop, jhðLÞ=W 0ðLÞj ½WðLÞ ¼ 10 nm; b ¼ 25 lm;
 1013 kg.
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c2m2ðnÞ þ c3m3ðnÞ þ c4m4ðnÞ, where the four linearly independent nor-
malized fundamental solutions mi are listed in Eq. (29). Substituting
the solution into the boundary conditions (44)–(46) and (48), one
obtains
c1 ¼ 0; c2 ¼ 0; c3 ¼ wð1Þ= m3ð1Þ  m003ð1Þm4ð1Þ=m004ð1Þ

 
and
wð1Þ m0003 ð1Þ  m003ð1Þm0004 ð1Þ=m004ð1Þ

 
m3ð1Þ  m03ð1Þm4ð1Þ=m004ð1Þ

  þ lx2ð wð1Þ þ ehð1ÞÞ
¼ 1
p
Z 2p
0
fv cosvdv:
ð49Þ
Similarly, substituting the solutions (42) into the governing
equation (16) and the boundary conditions (17) and (41), one
obtains
d2h
dn2
þ rbsirx2h ¼ 0; n 2 ð0;1Þ: ð50Þ
at n ¼ 0:
h ¼ 0: ð51Þ
at n ¼ 1:
sð1Þd
h
dn
 rbsitipx2h rbslerx2 w
 
cosxs
¼ rbs r H sinðh cosxsÞ þ e cosðh cosxsÞ

 
fm: ð52Þ
Multiplying Eq. (52)by ‘cosxs’ and integrating it from 0 to the per-
iod T; 2p=x, Eq. (52) becomes
sð1Þd
hð1Þ
dn
 rbsitipx2hð1Þ  rbsleLx2 wð1Þ
¼ rbsL 1p
Z 2p
0
½H sinðhð1Þ cosvÞ þ e cosðhð1Þ cosvÞ cosvfm dv
 
:
ð53Þ
The solution of the torsional deformation is hðnÞ ¼ d1/1
ðnÞ þ d2/2ðnÞ, where the two linearly independent normalized fun-
damental solutions /i are listed in Eq. (34). Substituting this solu-
tion into the boundary condition (51), one obtains d1 ¼ 0 and
d2 ¼ hð1Þ x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rbsitor
p
n
 
= sin x
ﬃﬃﬃﬃﬃﬃﬃﬃ
rbsir
p 
. Further, substituting these
results into the boundary condition (53), one obtains
sð1Þhð1Þ x
ﬃﬃﬃﬃﬃﬃﬃﬃ
rbsir
p 
cos x
ﬃﬃﬃﬃﬃﬃﬃﬃ
rbsir
p 
sin x
ﬃﬃﬃﬃﬃﬃﬃﬃ
rbsir
p   rbsitipx2hð1Þ  rbs mtipeLx2 wð1Þ
¼ rbsL 1p
Z 2p
0
½H sinðhð1Þ cosvÞ þ e cosðhð1Þ cosvÞ cosvfm dv
 
:
ð54Þ
Finally, given the tip amplitude wð1Þ and the tip–sample distance
D0 and substituting the fundamental solutions mi and /i into Eqs.
(49) and (54), the tip torsional deformation hð1Þ and the ith reso-
nant frequencies xi can be easily determined by using the numer-
ical method proposed by Lin (2001).
4. Numerical results and discussion
Table 1 shows the inﬂuence of the eccentric distance of tip mass
on the ﬁrst three natural frequencies of a cantilever without the
interacting tip–sample force. It is found that the inﬂuence of the
eccentric distance e on the ﬁrst two natural frequencies is negligi-
ble and on the third is small. Meanwhile, the ﬁrst three mode
shapes are presented in Fig. 2. The torsional angles of the ﬁrst
two modes are almost zero. It means that the ﬁrst two modesare the ﬂexural motion. However, the third one is the coupled ﬂex-
ural–torsional motion. Moreover, the tip gradient of ﬂexural
deﬂection dWðLÞ=dx and the torsional angle hðLÞ are comparable.
In conventional, if only one exciting frequency is given and only
the ﬂexural motion is detected, one can extract the topography
information only. However, if two exciting frequencies are given
and the ﬂexural motion is detected, one can extract the topography
and the interacting force information simultaneously (Lozano and
Garcia, 2008, 2009; Chawla and Solares, 2009). Similarly, although
only one exciting frequency is given, but both the ﬂexural and tor-
sional motions are detected clearly, it is helpful for extracting the
topography and the interacting force information simultaneously
(Sahin et al., 2007). Because the signal of the torsional motion of
the third mode is easy to be detected, the operational frequency
near the third one is recommended.
Table 2 shows the inﬂuence of the eccentric distance e on the
ﬁrst three frequency shifts of a cantilever subjected to the interact-
ing tip–sample force. The frequency shift denotes the difference
between the resonant frequency of a cantilever with an eccentric
tip mass and subjected to an interacting tip–sample force and that
of a cantilever with a centric tip mass and not subjected to the tip–
sample force. It demonstrates that the inﬂuence of the eccentric
distance e on the ﬁrst two frequency shifts is negligible. But its ef-
fect on the third one is great. It is because the ﬁrst two modes are
dominated by the ﬂexural motion. But the third is the coupled ﬂex-
ural–torsional motion. The eccentric distance e affects the behavior
of the torsional motion only. Comparing the numerical results
listed in Tables 1 and 2, it is summarized that the coupled effect
of the interacting tip–sample force and the eccentric distance re-
sults in a large torque and enhances the torsional vibration. There-
fore, for a cantilever subjected to the interacting tip–sample force
the effect of the eccentric distance is signiﬁcant.
Fig. 3a shows the inﬂuence of the beam length L on the gradient
of ﬂexural deﬂection W 0ðLÞ under a ﬁxed tip amplitude
WðLÞ ¼ 10 nm. It is observed that increasing the beam length L de-
creases the gradient of ﬂexural deﬂection. The reason is that the
lateral deﬂection W is equal to the integration of the gradient of
deﬂection W 0 and the ﬁxed tip amplitude is considered. Fig. 3b
shows the inﬂuence of the beam length L on the ratio of the tip tor-
sional angle hðLÞ to the gradient of deﬂection W 0ðLÞ under a ﬁxed
tip amplitude WðLÞ ¼ 10 nm. Its inﬂuence on the tip angle ratio
jhðLÞ=W 0ðLÞj of the third mode is signiﬁcant but small on that of
the ﬁrst two modes. It is because the ﬂexural motion dominates
absolutely in the ﬁrst two modes and the third mode is the coupled
ﬂexural–torsional motion. Moreover, the gradient W 0ðLÞ obviously
depends on the length L.
Fig. 4a shows that the inﬂuence of the eccentric distance e on
the gradient of ﬂexural deﬂectionW 0ðLÞ under a ﬁxed tip amplitude
is small. Further, Fig. 4b demonstrates that increasing the eccentric
distance e increases the ratio jhðLÞ=W 0ðLÞj especially for the third
mode.
Fig. 5 shows the inﬂuence of the eccentric distance e, the tip
amplitude WðLÞ and the tip–sample distance D on the third
frequency shift Df3. When the tip–sample distance D is small, the
effect of the interacting tip–sample force dominates and the inﬂu-
ence of the distance D on the third frequency shift is signiﬁcant.
Moreover, a larger eccentric distance e results in a larger torque
for a ﬁxed tip–sample interaction force and more the third
frequency shift Df3. When the tip–sample distance D is large, the
effect of the interacting tip–sample force is negligible and the
frequency shift depends only on the effect of the eccentric distance
e. In addition, the coupled effect of the tip amplitude WðLÞ and the
eccentric distance e on the third frequency shift is signiﬁcant.
Fig. 6 shows the inﬂuence of the beam length L, the eccentric
distance e, and the tip–sample distance D on the third frequency
shift. Naturally, decreasing the tip–sample distance D increases
Fig. 5. Inﬂuence of the eccentric distance e, the amplitude A and the tip–sample distance D on the frequency shifts ½b ¼ 45 lm; h ¼ 3:5 lm; L ¼ 200 lm; H ¼ 6 lm;
mtip ¼ 3:18 1013 kg; E ¼ 70:3 109 Pa; q ¼ 2:5 103 kg=m3, the tip radius R ¼ 1:5 107 m.
S.-M. Lin, W.-R. Wang / International Journal of Solids and Structures 46 (2009) 4231–4241 4239the frequency shift. Moreover, for the cantilever with the beam
length of 300 lm the inﬂuence of the eccentric distance e on the
frequency shift is small. But for the cantilever with the beam
length of 200 lm the frequency shift decreases greatly with the
eccentric distance e.Fig. 6. Inﬂuence of the length of beam L, the eccentric distance e, and the tip–
A ¼ 5 nm; E ¼ 70:3 109 Pa; q ¼ 2:5 103 kg=m3; R ¼ 1:5 107 m; AH ¼ 1019 J.Fig. 7 shows inﬂuence of the Hamaker constant AH , the ampli-
tude A and the tip–sample distance D on the ﬁrst three frequency
shifts. It is found that their effects on the ﬁrst frequency shift are
the greatest. For small tip amplitude the effect of the Hamaker con-
stant AH on the frequency shifts is great but small for large tipsample distance D on the frequency shifts ½b ¼ 45 lm; h ¼ 3:5 lm; H ¼ 6 lm;
Fig. 7. Inﬂuence of the Hamaker constant AH , the amplitude A and the tip–sample distance D on the frequency shifts ½b ¼ 45 lm; e ¼ 13 lm; h ¼ 3:5 lm; L ¼ 200 lm;
H ¼ 6 lm; mtip ¼ 3:18 1013 kg; E ¼ 70:3 109 Pa; q ¼ 2:5 103 kg=m3, the tip radius R ¼ 1:5 107 m.
4240 S.-M. Lin, W.-R. Wang / International Journal of Solids and Structures 46 (2009) 4231–4241amplitude. The tip–sample interacting force is proportional to the
Hamaker constant AH . It is because for a ﬁxed closest tip–sample
distance D the average tip–sample interacting force of the case
with large amplitude is smaller than that of the case with small
amplitude.5. Conclusions
The analytical model of an AFM cantilever with an eccentric tip
mass and subjected to the van der Waals force is established. It isfound that the ﬁrst two modes of a cantilever with an eccentric tip
mass are the ﬂexural motion. The third one is the coupled ﬂexural–
torsional motion. In other words, the torsional signal of the third
mode is easily and clearly detected. If the topography and the
material properties of a sample’s surface are to be simultaneously
determined by using AFM, the operational frequency near the third
one is recommended. It is found that for a cantilever subjected to
the interacting tip–sample force the effect of the eccentric distance
is signiﬁcant. The inﬂuence of the beam length L, the eccentric dis-
tance e and tip amplitudeWðLÞ on the tip angle ratio jhðLÞ=W 0ðLÞj of
Fig. 7 (continued)
S.-M. Lin, W.-R. Wang / International Journal of Solids and Structures 46 (2009) 4231–4241 4241the third mode is signiﬁcant. Moreover, for small tip amplitude the
effect of the Hamaker constant AH on the frequency shifts is great.Acknowledgment
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